We discuss the infrared and ultraviolet behavior of the fermion propagator in (2+1)-dimensional QED based on spectral representation.If we choose soft-photon exponentiation to include all orders of soft-photon emission by electron,its spectral function may be written as e F ,where F is a model independent spectral function of the lowest order in the coupling constant.We evaluate the function F in an analytic way and show its short and long distance behavior with an infrared cut-off µ.At short distance function F has linear and logarithmic infrared divergence.However in the long distance limit function F vanishes.So that only short distance part of e F is modified from unity.We may avoid the linear divergence by the choice of the gauge d = −1,where d is a covariant gauge fixing parameter.In this gauge the spectral function vanishes in the limit of zero bare photon mass µ.We overcome this difficulty by adding continuous spectrum of massive fermion loop to photon spectral function ρ(µ 2 ),where µ has the role of invariant mass for fermion-antifermion pair and is larger than 2m.So that unquenched fermion spectral function survibes.For the application of chiral symmetry breaking we carefully studied the position space propagator S F (0).At least for weak coupling these values agree quite well with that obtained in Dyson-Schwinger equation with proper vertex correction.We also study these parameter as a function of the flavour number N and t'Hooft coupling α = e 2 N/8π for strong coupling case.
I.
INTRODUCTION
About 30 years ago it was pointed out that high temperature limit of the field theory is described by the same theory with less-dimension and it suffers from severe infrared divergences with dimensionful coupling constant [1, 2] . From this results we may feel that the asymptotic field does not exist for QED 3 by severe infrared singularities.In this work we discuss the infrared behaviour of the massive fermion propagator by so called soft photon exponentiation.For the S matrix and the transition probability soft-photon exponentiation is familiar by the work of S.Weinberg.It has been famous to prove the cancellation of infrared divergences between real photon process and virtual photon process in the transition probability in QED [3] .There is a renormalization group analysis as well as Bloch-Nordsieck model on the infrared behaviour of the electron propagator.These works are known to lead one particle singularity of the propagator,where infrared anomalous dimension modifies the pole structure of electron [8] .It has been shown that approximate propagator by soft photon exponentiation leads the same infrared bahavior as the renormalization group analysis [3] .Following soft-photon exponentiation we discuss the femion propagator in (2+1)-dimensional QED.In (2+1)-dimensional QED, the leading infrared divergence for O(e 2 ) spectral function F (x, µ)
is linear as 1/µ,where µ is a bare photon mass.This term turned out to be proportional to (d + 1),we may choose gauge parameter d = −1 to avoid linear infrared divergences.These soft photon contributions may be expressed as an extra factor as e F (x,µ) .In this way we obtain the fermion position space full propagator by S 0 F (x)e F (x,µ) .From this form of the propagator we show only short distance part of the propagator is modified while the long distance part is kept as free one by soft-photon correction with finite infrared cut-off µ.This is the main feature in our approximate solution to the propagator in the previous work [4] .In this case we have a serious problem : the vanishment of the propagator in the limit µ equals to zero.In this limit e F vanishes as (µ|x|) γ for small |x| ,as exp(−γm/µ exp(−µ|x|)) for large |x| where γ = e 2 /8πm.These fact show a severe infrared confinement in quenched case.To obtain finite propagator with zero infrared cut-off we may replace bare photon propagator with full propagator including the vacuum polarization of massive fermion loops.In this case imaginary part of photon propagator provides photon spectral function ρ(µ 2 ) with 2m ≤ µ ≤ ∞.In section II we introduce specral representation of fermion and photon. Perturbative and nonperturbative spectral functions based on its definition are given too.Section III is devoted to the analysis in position space propagator.We evaluate the full propagator for quenched case with bare photon mass and improve it in unquenched case.In section IV using full propagator we show the vacuum expectation value ψψ as a function of coupling constant and numbers of flavor N f ,renormalization constant Z 2 ,and the results obtained by Dyson-Schwinger equation with vertex correction which satisfy Ward-Takahashi-identity.Section V is devoted to Summary.
II. SPECTRAL REPRESENTATION OF THE PROPAGATOR A. Fermion
In this section we show how to evalute the fermion propagator non perturbatively by the spectral represntation which preservs unitarity analyticity and CPT invariance [2, 3, 4, 7] .Assuming parity conservation we adopt 4-component spinor.The spectral function of the
In the quenched approximation the state |n > stands for a fermion and arbitrary numbers of photons,
In deriving the matrix element 0|ψ(0)|n we must take into occount the soft photon emission vertex which is written in the textbook for the scattering of charged particle by external electromagnetic fied or collision of charged particles.Based on low-energy theorem the most singular contribution for the matrix element T n = Ω|ψ|r; k 1 , ...., k n is known as the soft photons attached to external line.We want to consider T n for k 2 n = 0,hence we continue off the photon mass shell by a Lehmann-Symanzik-Zimmermann(LSZ) formula.First we notice the Fourier expansion of A in (x) as that of free fields.
and, upon inversion,
where
In developing the reduction formula for photon ,there is a minor change from transverse photon to arbitrary state
The additional minus sign in (5), (6) comes from the space-like nature of the polaization unit vector
Noting that
provided
where the electromagnetic current is
and d is a covariant gauge fixing parameter.From the definition (9) T n is seen to satisfy the following Ward-Takahashi identity
provided by current conservation
equal time commutation relations
and
Here we impose on the physical state
to drop the gauge dependent part.We have an approximate solution of equation (12)
From this relation the n-photon matrix element is replaced by the products of T 1
by one-photon state matrix element
where U S (r) is a free particle spinor [5] .Spectral function ρ is written symbolically as
where we replaced the δ function
The polarization sum for photon is given
Since we do not fix the numbers of photon n we sum up from n equals zero to infinity.The
is a phase space integral of one photon intermediate state which may be exponentiated in (20) as e F .The soft photon extra factor is well known in the evaluation of S matrix with soft photon emission [3] .Accordingly spectral function ρ becoms
which may be explained in the next section.
B. Evaluation of the spectral function
general property of spectral function
Here we consider the fermion spectral function.The vacuum expectation value of the anticommutator has the form [7] 
We introduce the spectral amplitude by grouping togather in the sum over n all states of given three-momentum q
and set out to construct its general form from invariance arguments.ρ(q) is a 4 × 4 matrix and may be expanded in terms of 16 linearly independent products of γ matrices.Under the assumptions of Lorentz invariance and Parity transformation it reduces to the form
Second term in (25) can be related directly to (26) with the aid of PCT invariance of the theory [7] .For definitness we define γ-matrices by Dirac representation:
where i = 1, 2, 3, I is 2 × 2 identity matrix and the σ i′ s are the Pauli matrices
Parity,Charge conjugation and Time reversal transformation are defined
Effects of PCT transformation on ψ(y)ψ(x) is
Inserting (42) along with (27) into (25 ) and using
, we obtain finally
.Since ρ vanishes for space-like q 2 ,we may also write this as an integral over mass spectrum by introducing
We find
where invariant ∆ function is given
From the above representation of propagator S ′ (x − y) we have the relation ρ 2 (s) = √ sρ 1 (s).The above spectral representation goes through unchanged for the vacuum expectation value of the time-ordered product of Dirac field;it is necessary only to replace the S and ∆ by the Feynman propagator S F and ∆ F .
non-perturbative spectral function
Here we return to our case.In our approximation,propagator is a product of free one and the exponentiation of one photon state e F .First we set ρ 1 (r
.Second using on-shell momentum expansion,its Fourier transformation is
We evaluate the above in the p rest frame,by writing the integral in the form
We expand 1
in powers of r keeping only the first terms in ρ as
Performing r integral gives
In this way we obtain
Now we evaluate the spectral function.First we examine the four dimensional scalar case as a guide. It has been shown in [3] that the function F in four-dimension was derived in the same way in three dimension as
In the neighborhood of the light cone D + has the form
To derive the function F , it is enough to use only one term
with infrared cut-off
Using the formula in the appendix A
we obtain
where C is a Euler constant.Neglecting regular contribution in the infrared, we have the spectral function for infinitesimal cut-off µ
with a help of generalized function
The propagator in momentum space is given
Here we return to three dimenisonal case.For three dimensional Minkowski space ,we have
µ .
Unfortunately we cannot evaluate the spectral function analytically as in four dimension.Using asymptotic behaviour of the function E 1 (z) for small z and large z
we approximate exp(F ) by the rough functional form in the following.In the gauge d = −1 for exp(F (t)) = e C (µit) D for |t| ≤ 1/µ ,and exp(F ) = 1 otherwise for D = (e 2 /8πm) = 1 and finite µ case. We separate the integral in the three regions
After calculation we have the limit Λ → ∞.From the above formula we see there is a pole at s = 1 and that the third and fourth term cancells at s = 1.Then these terms do not have a singularity at s = 1.In the limit µ → 0,spectral function ρ vanishes.The above result is one of the main goals in this work.
perturbative spectral function
Perturbative O(e 2 ) spectral function can be obtained by the usual definition
If we integrate x first,we obtain (2π) 2 δ (3) (k + r − p) for energy-momentum conservation.In our case first we integrate k.After that we exponentiate the function F and integrate r in the non perturbative case.At that stage the results are position dependent.Finaly if we integrate
x we obtain the desired spectral function ρ 1 (p 2 ). Here we evaluate F from one-photon state marix element T 1 (19) which appeared in section II A.Thanks to Ward-identity
for the k µ k ν part of photon polarization sum,we obtain
Since the propagator is normalized as (γ · r + m) exp(F ), we may drop the (γ · r + m)/2m as
where we used covariant d gauge photon propagator and δ(k 2 ) is read as the imaginary part of the free photon propagator.
In the appendix A explicit form of the function F is given.In section III we discuss the position space propagator by using the function F . From (73),(75) in the Feynman gauge we obtain
where we omitt the factor (γ · p + m).The phase space integral is evaluated in center-of-mass system,namely
is expressed in the Lehmann representation
where µ is an infrared cut-off. We get
2 (s)ds
Next we evaluate the gauge dependent part.
First we consider the d = −1 gauge case.Following (73) spectral function is directly given as
In Minkowski space we have
Linear infrared divergence of wave function correction in (84),(85) cancells with this term.Therefore in d = −1 gauge linear divergence is absent.Adding this term to spectral function we may write
In d = −1 gauge logarithmic infrared divergence ln(2m/µ) can be absorved to the wave function renormalization constant Z 2 .We have Z 2 = 1 − e 2 /16πm.
C. Photon
For unquenched case we use the dressed photon with fermion loop with N flavours.Spectral functions for dressed photon are given by vacuum polarization [6] 
Polarization function Π(k) is
Fermion mass is assumed to be generated dynamically.In quenched case it is shown that m is proportional to e 2 [4] .For massless case we have for number of N fermion flavour
If we include massive fermion loop to photon spectral function ρ γ we have
where σ is a imaginary part of the vacuum polarization function Π(k 2 ) for k 2 ≥ 4m 2 .However real part of vacuum polarization Π(k 2 ) affects the residue of the massless pole.
So that the renormalization constant Z 3 is defined by expanding Π(k
III. ANALYSIS IN POSITION SPACE A. Quenched case
To evaluate the function F it is helpful to use the exponential cut-off(infrared cutoff) [3, 4] .In the appendices the way to evaluate spectral function F of one-photon state in the covariant d gauge is given.
where |x| = √ −x 2 and µ is a bare photon mass and
Short distance behaiviour of F has the following form
|x|, (µ|x| ≪ 1). (104) Long distance behaviour is given by the asymptotic expansion of E 1 (µ|x|)
therefore we have
= − e
where γ is an Euler constant.In (104) linear term in |x| is understood as the finite mass shift from the form of the propagator in position space, and |x| ln(µ |x|) term is a position dependent mass
which has mass changing effects at short distance.We have seen the drastic change of the function F (µ, x) from short distance to long distance.For long distance F vanishes and it may be a free particle for fixed µ.The electron propagator in position space can be written
Since lim x→0 |x| |x| = 1,we see that C|x| term dose not affect the short distance behavior.A is a violent linear infrared divergent factor.Hereafter we choose d = −1 gauge to avoid linear infrared divergence.In this gauge, for D > 1,in the limit µ → 0 for finite |x| scalar part of the propagator S ′ F (x) vanishes as me
Therefore fermion is confined in quenched case for D > 1.There is no way to determine the value D in principle.So that we need extra physical condition such as the finiteness of the vacuum expectation value of chiral order parameter which is proportional to −itr(S ′ F (x)) in the case of dynamical chiral symmetry breaking.In this sense we see that S ′ F (0) is finite and the physical mass equals to m = e 2 /8π for D = 1 with finite value of µ.In the next section we consider the way to avoid the vanishment of the propagator by including vacuum ploarization.We will discuss unquenched case with finite µ in numerical analysis in Minkowski space in the next section.
B. Unquenched case
In our approximation quenched propagator vanishes in the limit of zero bare photon mass µ.So that we may apply the spectral function of photon ρ γ (µ) to evaluate the unquenched fermion proagator.In that case we simply integrate the function e F (x,µ) ρ γ (µ) for µ,where µ is a invariant mass of two fermion-antifermion intermediate state.Spectral function of photon with massless fermion loop is derived from (92) and we have
where photon has not a simple pole at k 2 = 0.In this case the spectral function of the fermion in position space is given
However massless loop are not able to suppress large µ region as 1/µ 3 .In fact integral which appears at short distance part of exp(F (x, µ)
is logarithmically divergent for D = 1.So that we may consider spectral function with the massive fermion loop.
In terms of real and imagainary part of polarization function Π(k)
spectral function of photon is given.
This spectral function damps as 1/µ 3 at large µ by (100) in section II.C.Small |x| region of the fermion propagator is modified with N F massive fermion loop for photon spectral
where all bare photon propagators in exp(F ) are dressed by ρ γ .The above result is the second goal in our work.In the massive fermion case renormalization constant Z 3 is given by equations (92) and (98) in section II.C
with our choice of physical mass m = e 2 /8π.In Fig.1 we see fermion loop effects lead infrared finite spectral function ρ(x) with dynamical fermion mass m = α/N , e 2 = α/N from N = 1(lower) to 3(upper) with d = −1, α = e 2 N/8π is fixed to unity. Next we evaluate the spectral function in d = −1 gauge.
In Fig.2 we show ρ 1 (s).At s = 1 there seems to be a pole like singularity which is expected by long distance behavior of the function e F ≃ 1.The hight of the peak at s = 1 is consistent with Λ/π from the approximate formula δ(s − 1) = sin(Λ(s − 1))/π(s − 1), Λ = 6.17 × 10 5 . 
IV. RENORMALIZATION CONSTANT AND ORDER PARAMETER A. by Spectral function
In this section we consider the renormalization constant and chiral order parameter in our model.It is easy to evaluate the renormalization constant by the equation
where Z 2 is defined for one particle state in the theory.In qenched approximation with finite cut-off we have a δ(s − 1) term in ρ 1 which implies
Formally renormalization constant Z 2 is defined in our approximation
where we add the convergence factor exp(−ǫs) to define the definite integral with infinites- 
In position space we evaluate directly from (119),(120)
where m = α/N.Since S 
B. by Dyson-Schwinger equation
We have a similar solution of the propagator at short distance which is known by the analysis of Dyson-Schwinger equation [10] .The value of order parameter ψψ as −3.26 × 
is known as
The Dyson-Schwinger equation for the fermion propagator with BC vertex ansatz is written in the Landau gauge
Here we notice that if we drop the ∆B term in the BC vertex,value of order parameter is equal to the case of bare vertex in the Landau gauge(2. and we may avoid the vanishment of the propagator in unquenched case.Our analysis is an extension of dispersion like method applied in the determination of one-particle singularity in scalar QED [3] .In Minkowski space the spectral function of fermion is evaluated numerically and ρ 1 (s) shows the simple pole structure near p 2 = m 2 .This fact is consistent with a finite renormalization constant Z 2 that was obtained in the previous section.In our approximation only short distance behavior is modified in position space.So that electron is free at low energy which is suitable for the application of the model in the condensed matter physics in (2+1) dimension.It has been shown that there is no infrared divergences in non-covariant gauges [3] .In (2+1)-dimensional case our approximation leads results similar to non-covariant gauge case in the infrared,where there may be no unphysical degrees of freedom for photon polarization.As far as we know only Gauge Technique allows us to have a confining solution with infrared anomalous dimension provided by massless loop [6] .Generally speaking propagator or self-energy obtained by Dyson-Schwinger is gauge dependent especially in the infrared.So that we have not a definite conclusion about confinement or existence of asymptotic field.On the other hand our approximation with soft-photon exponentiation is gauge invariant in the infrared,it strongly suggests the existence of asymptotic fields in (2+1)-dimension.For the case of chiral symmetry breaking,if we set the anomalous dimension to be unity at short distance we obtain finite vacuum expectation value ψψ .This value agrees In this section we evaluate the O(e 2 ) spectral function F
The gauge dependent term is an off-shell quantity in general.Here we introduce a small photon mass in the above expression to avoid infrared divergences.Therefore we have
. (138) If we use the parameter tric
and the retarded propagator with bare mass µ
we obtain the function F as 
in the Feynman gauge.Soft photon divergence corresponds to the large α region and µ is an infrared cut-off.It is simple to evaluate the gauge dependent term in F by
Finally we get 
where r 2 = m 2 and
Series expansion and asymptotoc expansion of E 1 (z) are From the above expressions,we have the short and long distance behaviour of E 1 (µ|x|) E 1 (µ |x|) = −γ − ln(µ |x|) + µ|x| + O(µ 2 )(µ|x| ≪ 1),
For the leading order in µ we obtain 
At short distance we have 
If we expand in real time t,we obtain the short and long time behaviour 
F ≃ e 
